Online algorithm:

Efficient Optimization under Uncertainty

iCIRA: D
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ffift (Optimization) : \—"E]17#% (feasible solutions) HES

chikZIEGLAR (Optimal solution)
Bix: &Mt Cost 8¢ S A Profit

WsLiH = PLIRRAYE R

Intractability: & _ERIEME, LEEONPERR

ESREENRMAR, AEOHERBAE

Uncertainty: BJgefiR/\>EIBHIER
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Problem 0: Taxi-dispatching (k-server)
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Problem 0: Taxi-dispatching (k-server)
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Problem 0: Taxi-dispatching (k-server)
BKHLHEE
B IRFIENRELZEIX
Hir: S/IMUEHEFERERERIRYTINIES
EMAIZEIE: b
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i RELEERIRE




B AT ARRESEER?
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B A EZFIAARIMERE

ot (Competitive Ratio)
| RFAER AT BERYEE N 75
OPT(I): §HXIINFFIRELERIE

FXgE/IMUILIAEE, SNRXITAAVRAN, &8
OPT(I) < A(I) < a - OPT(I)
MEZAZR— P a-competitive&E)& (a>1) => a = max A0

[ OPT(D)
X ALiini@, R A, #E
A(l) < OPT({) < a -A()
mugffoEE_/l\O(-Competltlve,%_,_ff (a>1) => a = max A(D

I OPT(I)
HREMERE A vs. FEVIERIE Exp[A(D))]
UERBRINE : 2w DRTERYATBERIAN




B Worst Case Model

=R HTAYEIME
FEREHMERYEEEmA: a = max Of);l()l) Ml a = max _E’(;Z[;‘((II))]
Worst Case Model

WF: RIERRENEEE ARESMNANFS |, FTrEENSEMNINFIIT
RISz OPT(l)

RRE . RIEELEXESNANFFHITHEEIE AR A

BEEEAFA() 1 BLxEOPT() oSt
XFRENAE, SNMAFIIAE

Oblivious Adversary (}8fiIXJ3F)

Adaptive online Adversary (Bi&EMNEZXTF)

Adaptive offline Adversary (BEMNBZXIF)
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B Worst Case Modelfg9%iF

- © © @0 @

o)

o © 0 0 O

algorithm

XJF (Adversary) : FIERHEZE!
Oblivious Adversary(R@fiXSF) BiZHITEIMIZENFY, KIEB L= i#
Oblivious Adversary((#IXIF)E2—Ft
NWFREMELEE, LR EEENSIREFS!
ST SRS L: FEVESERET, ELURRIRH SR FS!
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B Worst Case Modelfg9%iF
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algorithm

XJF (Adversary) : HIBE(RIIEZE!

Adaptive online Adversary(BIENAELZLXF): XNFEEEAITIRIRES AR
actionffiiE F— RIS S AR

Adaptive online Adversary(Bi&ERN{ELRTF)E—Ft
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B Worst Case Modeldri9535F (Adversary)

O
> @ @ @ @ ©
S4F (Adversary) : AE(RAIEIE!

Adaptive offline Adversary(BEMNEZIITF): XWFEMEEE, BFEEENR
EPENEVERESRISER, EERTRBRE SN FS

Adaptive offline Adversary(Bi&NEZXTF)E—Fstrong adversary
XTFREIEAEZER L, Bl HE ARSI E
RE—MMBISIEE, SCRRAS-PIELSCH h



B Worst Case Modeldri953F (Adversary)

M SRS, BEEORT TR

=51 ERETE) | %ﬁEMMET% ENESRLL, REHK
B ANRN—1 o, F Oblivious Adversary(58fxt3F)

=ENERRIRE E%xETE /i_fufﬁﬂj‘li’ YRR,

Theorem 1.3. (Yao’s MINIMAX principle) For any randomized algorithm A and random instance
1 as detailed above we have

EA(I)
OPT(I)

} > m HEI[

Hl&X [

Cr
K
|l

js'E  GBEERRIE, UMY ETR, #

OPT (D)
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B Online Ski Rentalja]gxt

[BlRR =
(FIBEEARKR k XEBS
E&ms: kR (AR TXKS)
B—RRURREZES=E:

—RUMTERE (T52B5T)
E—KEHE (E15T/F)

Bir: &MY k KRAVEE:

tE{IWorst CasetmEY:

MNF: RIERRENEEREEHESAULFS k|
FIREN k THIEZRF
BamlEix: 3k>B, WE—XX, aUIEXE

16



B Online Ski Rentalja]gxt

%1 MEE—KMWLEE
Worst Casef&8INF: k = 1
CR.= Ak)/OPT(kk)=B/1=8B

SBEILTA55, CRERE

B2 e XEphEEE
Worst CasetZBINJF: k=n, n > o
CR.= AKk)/OPT(kk)=n/B

= niEhTxiss, CRERE

17



B Online Ski Rentalja]gxt

Hi%x3(break-even): FEEIB-1XFH, SHBXL
Worst Caset®BI¥gF: k =B
C.R. = AK)/OPT(k)=(B-1)+B/B=2 [O(1)]
A MREEEIZALISEHICR. < 2
BRETER AT LR

&i%4(optimal strategy): % p; SRR EEFRIRFEFH
E§§|+19€§_¥, E_ (po + D1 + ...+ pB—l) =1

=p; = (1+5) — ,C.R.<—— ~ 158 A% IR
(1+3) -1 e-1

E—METEE ETLBE &R

18



B Online Bin Packing[a]gR

)RR =
tSENNItem, KNS BAs,, s, .., S, s.t.s; € (0,1]

LETETIR T bin, ENbIinAIX/NAT

LR 01—
item—ME—MESEI, FRitem(EERA —ll §
SN item Bl A AR R AT E R _HT
YRR item¥Eitbinh = —

Bir: s&/IMEETREitemfrERIbInE

19



B Online Bin Packing[a]gR

w &5%1: Next Fit
= BRI 4ER— 1 open bin

" B ERYitemZIARS, fNSRopen binfEEEXK, RN, BUXAHFTHA—
FTHYopen bin

= O(n) time, O(1) memory
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B Online Bin Packing[a]gR

= 85%1: Next Fit
» B TZIERMEIR— 1 open bin

" F—PHFRitemBARS, #0Ropen binigEFE XK, NN, BURAHFITF—
FrHYopen bin

= O(n) time, O(1) memory

DT TN T T

(T
IR

BT ] | oPTo-3
\§ J
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B [ EUERIERRRYRAE

BRiZFA i]?"E%EEH—/\ % ALG B2— 1 HE L)Y costin
Wl o-1Tfbl &%, EERNIERERIE:

XHEEAVEINSEAI, 3IRBIOPT costAI R~ (Lower Bound, LB):
LB(I) < c(OPT(D)),VI

SHEMATMASLG, #E: c(ALG()) < alB(D),VIa>1
WERTHEEIS . c(ALG) < aLB < ac(OPT)

22



B Online Bin Packing[a]gR

X1 Next Fit (=5tCUEEA)
F—[FKOPTRYTELB]: OPT(I) = ¥;s; = LB(I)
B MEREEALGRLBI TR (ALG()) < aLB(I)
MizZ: {size of items in (2i-1)th bin and (2i)th bin} > 1

ALG(I)

#EL: LB() =Y;s; =X,_% ({size of items in (2i-1)th bin and (2i)th bin}

AL ALG(I)

>%.2 {1}=2

SFE=HERTHEER]: OPT() = LB(I) = ALCZ:(I)
0.2 1

1
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B Online Bin Packing[a]gR

m B£2: First Fit
" 3 1EFitemENXRRS, BEAB—NEERXKHIbIn; BUXAFFITH— I
open bin
= O(n) time, O(n) memory

» C.R. = 1.7 [IEBHRE]

I T N T T

: A
D] | ap-s
BT

o J
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B Online Bin Packing[a]gR

&%3[Optimal]: Harmonic Algorithm [JACM’ 85]
BiohfEitemByAEE:
item size € (——,=| , WEBFEKE, 1<k<Mm;
Item size € (0,—-| , MBEFEME

BRI M N open bin, WIREkEitemZEXBX N biniEEERNZEENTI
FE#bin

C.R. = 1.69103 [ilFBERE]
LB RUEFO(1)EERopen binkd, XANEEBRIERMHY

25



Nt

O EETFELE AN SN
O TEAEEHIZAIFHIERRTT A
© M Worst CaseZl|ROM

O =24, FKEHARAEFIME M
© F=: Primal-DualiEeR

26



B [Em: Worst Case Model

vi ® © @ @ @O
> 0 0 0 0 0

algorithm

Worst Case ModeldpgFEE
Step 1. IR RIMNBOANES

Step 2: FE— M RMHVEAZANTF

27



oljen: Worst Case Model

Worst Case Modelf&t

EFREW, REFEELEREH Il LS

THMERA BB E LIRS

ERDEYERR  (or, Worst Case Model AR2—1 "SIFER" 1H8])
ERIRGHELAFIWorst Case Model D HriIERE % : Deep Learning

ToizEWorst Case Model o trHESLEL

T ESE AN ERERENSWES? => BRE: W N\FIEEAEERCase, i

RS S Er=)

HAE: HEIEN S Rin SRR AR
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B Secretaryja)@a

BE—ME: nMITERERIREA, RFRIX

REAZNERT, ATLBREEREARIMNE Worst-Case Model:

HRINABIEIE 15 o) 1545, TomEnRss Random Order Model:
) N I,

MHREES TIREA, NIBIELER %ﬁﬁgﬁ%’gg %

SHRIBETIREAN, WFEFT—MREALZR | FHIEE

Bix: BEME&SHHRIEA

29
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B Secretaryjajx -

Random Order Model (ROM) BYXSF%
B MMEARREIEA
M (N MEIEAREF iR —NE A W E SN S
RBZMNFY N B&RNE
ROMEIRFFEEREWorst Case Model 98514 iRITF
AHRNERFRENEE
FERERINBNFT
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B Secretary|ag&t - ROM

HiZ(when n -> o)
RERIn/eMREA (MRERRS) |, LIRIERBRIER
IHEESSHIREARNEANEP
MFRIRAHRE A PIEEE— MMEARTpRURIEE
il 1/e

31



B Secretary|al@ — FTFELOHT

=

2 L=

Y
7%
w &5% C.R. uERR

O E(ALG(I)) = Pr[c* is selected | =
Pr[c* comes ini'th] * Pr[c* is accepted in i'th round]

N

Z:i:g+1,...,n
. 1
= Pr[c* comesini'th] = ~

= Pr[c*is accepted ini'th round] = Pr li > g] * Pr [itemj <p VjE E +1,i — 1”

. 1 n 1 1 e 1
= Pr[c*is selected] =Y. n (— * — *—) 2—ln(n*—) ~ -~
l=;+1,---,n n e i-1 e n e
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B SAFTE
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7~ /~< ~ -
// \ \ S // \\ . . \\
/ ITLEE / \ Eé)%%;% N
/
Dynamic Programming, /Greedy algorithm, \ Yao' s minimax principle, \
Local Search, [ Dual Fitting, Doubling, \
\ Linear Programming, | Primal-Dual Method, Potential methods, Work |
\ Rounding of Data, \ »~ function, |
N \ J/ Fenchel duality, /
\ / — T ~
~ — \ _—- 7 /\
T ——— N /”'"\\ / Mirror RN
Descent /
/ \Regularlzatlo ( \
\
\ ~__7T f@%ﬂlﬁﬁﬂﬁ /
EEES N "/
N e

-

—— —

1e...

IR /

%%E@%Tﬁzwzm\%ﬁ%ﬂ\&W%\ﬁQQ\
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B —&1EXHEL )

Online load balancing and scheduling
Online network routing

Online graph coloring

Paging, metrical task systems, and k-server
Online TSP and Steiner tree

Online Facility Location problem

Online Set Cover problem

35



- BIEEER

EEEERBERIERE DR TRIMERE 5
Worst Case Model: {RIEESITMN TEIXAIMRE, EABMA FIRERTAERYN
EfIEDE

EIEREES]. FENARUHITE
TS AT B SR TN A RS

RENARRERTREZE X
SLEESE MERE A NE AT A
AR S TG EUERRR
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B (ESFAIRARKAFRS

BTSN AT = FRIN A
IS FRPA RIDEAATLN (k) ERARAEAIEL IR

Scheduling, Resource Management, Robot Motion Planning

X BRI BRI E A/ LR A T
AN T HRAERHE TR RO AR LR EE
BTN TR, M0 ARSI
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B FIEH

Approximation Algorithms

CMU 15-854: Approximation Algorithms
CMU 15-854(B): Advanced Approximation Algorithms
Umich IOE 2713: Approximation & Online Algorithms

Williamson D P, Shmoys D B. The design of approximation
algorithms[M]. Cambridge university press, 2011.

Online Algorithms

UofT (CSC2421: Topics in Algorithms: Online and other Myopic
Algorithms

Nguyen T K. Primal-Dual Approaches in Online Algorithms, Algorithmic
Game Theory and Online Learning[D]. Université Paris Sorbonne, 2019.
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B FIEH

= Optimization Online

W Categories — Optimization Online (optimization-online.org)

« Applications — OR and Management Sciences (1,556)

Integer Programming (1,692)

» Airline Optimization (31) » (Mixed) Integer Linear Programming (591)
* Finance and Economics (185) ¢ (Mixed) Integer Nonlinear Programming (483)
» Marketing (14) e 0-1 Programming (265)

s Production and Logistics (151)
= Scheduling (215)
e Supply Chain Management (82)

o Cutting Plane Approaches (280)

Linear, Cone and Semidefinite Programming (1,409)
» Cone Programming (5)

» Linear Programming (290)

e Second-Order Cone Programming (107)

e Semi-definite Programming (554)

Network Optimization (271)

Nonlinear Optimization (2,089)

e Bound-constrained Optimization (78)
Constrained Nonlinear Optimization (658)
Nonlinear Systems and Least-Squares (104)
Quadratic Programming (261)

Systems governed by Differential Equations Optimization (121)

e Telecommunications (109)
s Transportation (295)
s Yield Management (16)
« Applications — Science and Engineering (1,209)

= Basic Sciences Applications (79)

e Biomedical Applications (99)
e Chemical Engineering (29)
o Civil and Environmental Engineering (28)

» Control Applications (142)
s Data-Mining (155)
 Facility Planning and Design (78)

* Mechanical Engineering (43) » Unconstrained Optimization (329)
« Multidisciplinary Design Optimization (33) e Optimization in Data Science (14)

s Optimization of Systems modeled by PDEs (61) « Data Science Algorithms (1)

* Smart Grids (42) e Data Science Applications (1)

o Statistics (179)
= VLSI layout (10)

e Data Science Theory (3)


https://optimization-online.org/categories/

FIEM

Scheduling Zoo

The scheduling zoo (lip6.fr)

The Scheduling Zoo

interface :  simple advanced

Machine environment «
type: 1 P Q R 0 F J

Constraints 3

number of jobs : = @ =2 T =c n==Fk
[ prec chains tree intree outtree opposing forest sp-graph bounded height level order interval order
precedence relation :
quasi-interval order over-interval order Am-order DC-graph 2-dim partial order k-dim partial order
release time : @ rj online-r;
preemption : @ pmtn

due date : @ dj=d
processing times : =~ @ Pji= 1 pi=pP

batching : =~ @ s-batch batch(oo) batch(b)

Objective function
Objective function :  Cmax Ol Y. Cj 3 wiC Noreez > U; > wil; 3 T; > wiT;

40


http://schedulingzoo.lip6.fr/
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B Online Ski Rental|g]&xt: Primal-Dual

SiFARH

HiXx4(optimal strategy): % p; AEERIREES
E§§|+19€§_¥, E_ (po + D1 + ...+ pB—l) =1

M, — ((11?1))3 _11 ,C.R.<—= ~ 158
1y7_
Step 1: FEEEHUILIARR: | k
min Bx + Z 2
i=1

s.t.Vie lkl,r+ 2 > 1
x>0,Vi,z; >0

0 - Don't Buy %

- {1 - Buy {l - Rent on day i

0 - Don't rent on day 1

43



B B EUEEL

AR

ESETREETI— A EE ALG E—AFELE vk cost]d

iy o-1ITfll &%, BERYIEERE:
SHEM A NSLH, FKZFIOPT costf 5 (Lower Bound, LB):
LB(I) < c(OPT(D)),VI
SHEATRIBASLG, #B: c(ALG(D) < alB(),VI,a =1
HERTHZE1E : c(ALUEBAXHME(AIBISINSLAIG) < alB < ac(OPT)

Hbdk:

Heik 1 YELIFEI FFRLBLAN &UAFOPTHI R R LBAIRER
Helk 2. #EITRMAYTERLB, HHARNEZALGRILASLBERR

— M ERE%

[N

H: #

ERLK !

44



B Bl ZtEAK -SSR R LBRYZ

FEME: (Ha— P EEHIR (PR TR E X MAIRAA L
MR SRR (LP)RIRT1T#E, OPTLp = c(Z;p) < c(Zj») = OPT

— N EEAEE . FRIPEREE, EXNAIBAALPRIRENE
MM EOPTHI— TR, A TIEUEEWENSE—2: X
(A9 ANSLH, FHEOPTHI TR (Lower Bound, LB):
LB(I) < c(OPT(I)),VI

45



B [ElF: Primal-Dual Method

RAZ&ERERURERIES
UEBBXHERIAIENSEGI, #BB: c(ALG(D) < a = OPTp,V,a > 1

LPYI{EBIREE: JHLPRIGE R E—/T5R

LP Monogamy: JRR al-EF0RSE aleiE B XS

Weak Duality: SHEARIREIHBDRAIRX, v), #ETx = by [T

??] minimize ¢!z maximize by

subject to Az > b . subject to ATy <e¢
x>0 y >0

Strong Duality: FREEFAXIEERFEEE— N FEEFRNRIRE,
NBI— M FEERNRRE,

Complementary Slackness &(x, y)2REXMBRIMAVAIITHE, FEQ,

rAwa T T
['31% Vi, if x; > 0, then ¢;/a < (AT); -y <¢; EEMI )n\u c'x=a- :B - b y
Vi, if y; > 0, then b; < A; -z < Bb;

c’x > OPTp = OPTp, = bly

a -B-bTy>cTx> OPTp = OPTp =bly; a- f - OPTp = cTx 40



B [ElF: Primal-Dual Method

SLPXJ &R — 4 iRl F
ATRERIEZRIBIT . AR, EFRDAT

- - — L :
~ T ’ { = / \ |
D | win 5o+ 20, MR et TR
ST =Nz -5 Y, Wplir Yo, 2| 3y, ~ |
L " \
5t % |
R A T =201 34, 5, ,,\.-lp_j f
HTG <y, 2y
| X o wax =54, £34, ~12Y {
A [T S D | —
2/ L‘j\ch“lﬂ\xl Z @ f.’!MQB{ —~SY,+3Y, -12 3}
:l'a yjﬁt‘d"‘:ﬁvm Z ot 23\’*3%;_"2-95 <-50
H \
TR, 2 B RRT PSS
" J - ij\. S T ‘ﬂ> > \
24419, -2, ¢ -850 t - |
s =Y + 1y -i;?;'jh\ < 20




B Online Ski Rental|g]&xt: Primal-Dual

Step 2: BAARLLPIEIREfSFHIREXTBIAIER

k k
min Bx + E 2 max )  y;
1 . 1=1
st.Vielkl,z+ 2 >1 st.Y yi<B
o i=1

Step 3: FXIBUARILPAIPrimalfDualal@l, BRH—SENEZE
AREZENX 1. Initially x, all z; and y; are 0
Step 3.1: UFBAEAEPrimala)fRal{TE 2. When we see constraint ¢ online

Step 3.2: IFABESEREDual BIEREI{THR e if r =1, do nothing

e else
Step 3.3: UEBAEE®E AP < k AD

(a) zi<1—=x
(b) <« (1+1/B)x + 1/cB

(c) y; « 1 48



. Online Ski Rental|gJgk: Primal-Dual

Step 3.1: UEBBEEEPrimal[alRR e {7H#%

Ly <1, z =1 —x FHEAS min Bx + Z %
— = AY :-'+ é\ &
Six>=TH, REIR st.Vi e k], z + 2z > 1
Step 3.2: IEBARIARDual BRAAT{THE r>0,Yi,2; >0 o<y <1
yi =1 LR 1. Initially z, all z; and vy; are 0
Bx <18, FE2RESMITBIR: v =1 2. When we see constraint i online
Step 3.3: uEAH B5#E AP < kAD e if z =1, do nothing
e else
AD =1

(a) zi<1—x
AP =B - Ax +7z; (b) z < (1+1/B)x+1/cB

=B-((1+%)X+é—x>+(1—x) (c) yi 1
=(x+3)+ @ -0=1+:

AP < (1 + 1/c)AD => costp = YAP < (1+3)3AD = (1+3)costp 49



B Online Ski Rental|g]&xt: Primal-Dual

Step 3.3: UERAELEH®E AP < k AD
costp < OPTp < costp = Y AP < (1 + %) YAD = (1 + %) costp
costp < (1 4 %) OPT, => $K155=%LY

Step 4: cEXWINSINNETE, FSEMOAPEELTEHTTHR

B x BYfRITERIATL:
B 1\B 1. Initially x, all z; and y; are O
1 (1+3) -1 (145) -1
X= B (1+1) 1 = c 2. When we see constraint 7 online

e if x =1, do nothing
e else
(a) zi«1—x
1 +%zi (b) z < (1+1/B)x+1/cB
(¢) yi <1

50
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